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An experimental study of the relationship between joint spacing and layer 
thickness 
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FIELD observations for many, but certainly not all struc- 
tural settings and lithologie~ indicate that joint spacing 
increases in some systematic fashion with the thickness 
of sedimentary strata (Narr & Ler-the lYX4). Quantita- 
tive data on this relationship are easily obtained from 
outcrop mapping, and such data may provide important 
constraints on the mechanical process of jointing. Ha\- 

ing understood this process one ih in a position to 
interpret the contribution of .jointing to the geologic 
history of a particular rock mass. Thus. ;I tit-St-order 
question for structural geologists working on the Earth’s 
history is: what can one infer about the jointing proces\ 
from field data on bed thickness and joint spacing‘.’ 

Knowledge of the jointing process can also contribute 
to the solution of a number of very practical problems. 
For example, the devclopmcnt of accurate models for 
the flow of water (Barton & Larsen 1YX5. Deloule & 
Turcotte 1989. Cacas et al. IYYO. Bear vt 01. IYY3) and 
hydrocarbons (Nelson 198.5. Thunvik & Bracster IYYO. 
Lorenz er al. l9Y1, Narr IYYI ) may depend on onc.4 
ability to predict the spacing of joints at depth in aquifers 
and reservoirs. Unlike the abundant data available from 
outcrops, the opportunities to obtain joint spacing data 
in the subsurface arc usually limited to observation\ 
made in wells. Thus, an important challenge for struc- 
tural geologists working on fractured aquifers and rescr- 
voirs is: how can one extrapolate the data on joint 
spacing obtained from boreholes into the surrounding 
sedimentary formations’? We suggest that such cxtrapo- 

tations should be based on an understanding of the 
physical process of jointing. 

In this paper, the term ‘joint’ refers to those natural 
fractures with field evidence for dominantly opening 
displacement (Pollard & Aydin 1988) and the term 
‘fracture’ refers to those with opening displacement, but 
produced in cxperimcnts using model materials. The 
term ‘spacing’ means the perpendicular distance be- 
twccn two neighboring, parallel joints or fractures. 

.loirrt spucitlg in orrtcrops 

I‘he structural literature contains many examples of 
outcrop data sets on the relationship between joint 
spacing and bed thickness from linear (Figs. la<) to 
non-linear (Figs. Id & e) with increasing range of thick- 
ness. For example, Price (lY66) reported that Bogdanov 
(1037). Novikova (1937) and Kirillova (1949) found 
approsimatcly linear relationships between mean joint 
spacing. II. and bed thickness, T, for two sandstones, 
and a limestone from Russia (Fig. lc). Treating spacing 
a\ the dependent variable and thickness as the indepen- 
dent variable. one can fit a straight line to each data set 
cuch that D = rriT. From these data one could conclude 
that the slopes. CI,. of these lines do not change with 
thickness. but arc a function of lithology and, by infer- 
encc. 01. mechanical properties. Various later papers 
(1,achenbruch 1961, Hobbs 1967, Sowers 1973, Price & 
Cosgrovc 1YYO. Narr 1991, Narr & Suppe 1991. Gross 
100.3) also suggest a linear relationship between joint 
spacing and bed thickness. 
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FIN. I. The lelatlonshlp twtwecn joint qxung. D. and bed thlcknc\\. T. presented by different authors. (a) Clayey- 
&xous member of the Mioccnc Monterey FormatIon at Gavwta, California. U.S.A. A: data with error bars from 
the authors of this paper: B: data (solid dots) from Gross (1993). (h) Llmcstones from Bevons syncline, near Sisteron, 
southern France (after Huang & Angelier 1989). A: Albian limestones; B: Ncocomian limestones. (c) Two different 
Ilthologics from Russia (Bogdanov 1947, Novikova 194 C, 7 Klrillova 1949. after Price 1966). A. B: sandstones; C: limestone. 
(d) A: Portugucac greyuacke: B. I: K. grcywacke. C‘: L.K. grcywacke (after Ladcira &Price 19X1). (e) Asmari limestone. 

Iran (after McQuillan 1973). 

Huang & Angelier (19X9) found that limestones from suggested a relationship based on two straight lines (Figs 
two different places on the Bevons syncline near Sis- Id & e). Cruikshank & Aydin (in press) observed that 
teron, southern France. have different but nearly con- joint spacing is only about 0.3 times a bed thickness of 40 
stant values of ~1, (Fig. I b). From these data one could m, much smaller than spacings in thinner layers. Price & 
conclude that U, is a function of structural position and. Cosgrove (1990) explained this bilinear relationship by 
by inference. of deformation. Support for that con- proposing two different mechanisms: spacing in thin 
elusion comes from relatively hard reservoir rocks of the layers is influenced by tractions at the competent- 
Monterey Formation which show a Fracture Spacing incompetent rock interfaces, whereas spacing in thick 
Index, FSI = !/cc,, that varies from about 0.1 to 0.5 with laycrx is independent of bed thickness and results from 
structural position on a fold in the subsurface (Narr an hydraulic fracture mechanism. On the other hand, a 
1991). In contrast, Narr (1991) found much greater continuous curve with a positive slope and a negative 
values of FSI in outcrops with thicknesses up to 1.5 m. second derivative also provides a reasonable fit to these 
Furthermore. all values of IS1 for these surface ex- data: 

posures were practically the same, about 1.3, for differ- 
c>o 

d’D 
ent hard rock types and in different structural locations. and --< 0. (1) 

The linear relationship between bed thickness and dT dT2 

joint spacing has been widely accepted as a general This avoids the discontinuity in slope and may obviate 
description. with a few exceptions (Norris 1966, Mas- the need for two different physical mechanisms (Ange- 
tella 1972). However. many of the reported field obser- lier et al. 1989, Soufache 8i Angelier 1989). 
vations were conducted in beds less than 1 .S m thick. In 
some cases, for layer thickness exceeding 2 or 3 m, the Moti~xtion for this research 
simple linear relationship is no longer appropriate. For 
example McQuillan (1973) and Ladeira & Price (1981) Although joint spacing is found to be roughly pro- 
investigated joint spacing in layers up to 12 m thick and portional to layer thickness in many studies, these data 
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sets are not all consistent ivith ortc another and they have 
led to contradictory conclusions about the .jointing pro- 
cess. One possible explanation is that the data collection 
methods have been inappropriate. In the most common 
field method, spacing i> measured along a tint (scanline) 
perpendicular to the average strike of the joint set. 
either on cross-sections of a layer ot- on the bedding 
surface of a layer. In this paper WC describe possible 
shortcotnings on the /i/tc, method and \ugyest an alter- 
nate urea m&hod for measuring joint spacing on bedding 
surfaces, based on quantitative stcreological practice 
(Ilnderwood 1972). 

A second possibilit! is that the ph>sicat relationship 
between spacing and thickness is inadequately under- 
stood. Indeed, the development of ;I joint set is ;I 

complex three-dimensional process with ;I varietv of 
possible temporal change5 in physical condition\ ‘and 
loading (Hancock tYX5. Engclder lYX7. Pollard K: 
Aydin lYX8). Direct e\,idcnce for 21 time hcclucnce and 
for the complexity of three-dimcnsic)nal spatial rctations 
can be found by inspection of ioint surface texturer 
(Kulander rl (11. lY7Y. DcCiraff & Aydin tY87. Hahat 
1YYl). From a mechanical point of \.icw it is reasonable 
to express some skepticism that such 3 process could 
produce ;I simple tincar, or c\‘en bilinear relationship 
between spacing and thickness ( Ri\,cs c’t trl. IYY?). 

Most mechanical model\ that adtlt-cs\ the spacing- 
thickness rctationship (c.g. llobba lYh7. Pollard k 
Segall lY87, Nat-r R Suppe lYY1. Zcltcr c(c Pollard IYY?. 
Gross lYY3, Gross c’f ~1. in press) take a two-dimen~ion~tl 
view of joints 111 Lvhich they propagate in ;I plane pet-pen- 
dicular to bedding and pcrpcndiculat- to the strike of the 
joint set (in the .rJ.-plane of Fig. 21). In the block 
diagrams c>f Fig. 2 rib marks ( he\it;ttion tine\) are tndica- 
tivc of a temporar! fracture front and hacktc are aligned 
in the local propag;ttic>n dircction (Helgcson & Aydin 
1YYl). If propagation of joints were conlincd to the -rJ- 
plane, the origin and the rib mark> would bc horizontal 
lines and the hackle would be vcrticlc tines (Fig. 5). 
This pattern of surface texture\ i\ not obser\cd on joints. 
Although each of the model\ mcntioncd above ha\ 

contributed to progress in the mech:tnicat analvsis ot 
joint spacing, an obvious problem i3 that they ignc;re the 
temporal and three-dimensional evolution of ;I ,joint set. 

Typical patterns of \urfacc ttluturt‘\ on joints in scdi- 

mentar) rocks (Woodworth 18Y6, Hodgson 1931, Price 
lY66. Svtne-Gash lY7 I ) include an origin at a point, rib 
marks that are convex in the propagation direction, and 
hackle that spread out in a fan-shaped pattern (Fig. 2b). 
Fracture propagation near the origin is radial. but after 
the fracture terminates at the top and bottom surfaces of 
the jointed layer, the dominate propagation directions 
are sub-parallel to the bedding plane. For example, field 
observations of joint surface textures at Davenport, 
California. provide compelling evidence for the lateral 
propagation of joints. Figure 3 is typical: subhorizontal 
hackle indicate a dominantly horizontal propagation 
direction. Rib marks extend as curving arcs from the top 
to the bottom of the layer and their convexity indicates 
propagation from left to right. The fracture origin in this 
LYISL’ is out of the ticld of view to the left. Not only should 
models of the jointing process in sedimentary sequences 
tnctudc lateral propagation, the common occurrence of 
thi\ phenotnenon raises doubts about the usefulness of 
field data taken along scan lines on cross-sections of a 
taycr (on the +-plane of Fig. 2a). 

WC have investigated experimental models that share 
many of the kinematic features, such as lateral propaga- 
tion, with the fracture idealized in Fig. 2(b) and, pre- 
\umabty. with the joint illustrated in Fig. 3. In this paper 
\VC describe a series of experiments, using a brittle 
coating technique (Garrett dcr Bailey lY77a.b, Pollard rt 
trl. IYYO. Rives &L Petit IYYOa, Wu 6i Pollard 1991, 
1YY~a.b) in which the evolution of ;I fracture set is 
tnonitorcd during a controlled loading sequence, thus 
providing direct observations of the different stages in 
the de\,elopment of the set (Fig. 3). By changing the 
thicknesx of the brittle coating wc arc able to examine 
how spacing is dependent upon thickness at each stage of 
Lle\doptlletlt. 

Rives cv rrl. (lYY2) have studied how the frequency 
distribution of spacing, as measured using the line 
tncthod. depends on the stage of development of frac- 
ture scth. ‘They characterize three stages with three 
dificrent frcquenoy distributions (negative exponential, 
log-not-mat. and normal) for the spacing of fractures in 
polystyrene plates subject lo pure bending and suggest 
that the ratio of mode to mean for such distributions is a 
good indicator of how well developed the set is. By 
;malogy . Rives ~‘t ~1. ( I YY2) used the mode-to-mean ratio 
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of these frequency distributions to identify the stage of 
development for joint sets from three localities in the 
United Kingdom. We follow a similar line of reasoning 
in this paper. but emphasize how knowledge of the 
developmental stages of a joint set can be brought to 
bear on interpretations of the relationship between joint 
spacing and layer thickness. 

Our experimental models also highlight the dcsirahi- 
lity of observing joint sets on bedding planes. Because 
propagation is dominantly parallel to bedding, such 
exposures reveal aspects of the geometry and spatial 
distribution of joints that are not visible in layer cross- 
sections. This suggests that measures of spacing should 
take advantage of the aerial distribution of joints as 
exposed on bedding planes wherever possible. In the 
next section we describe such a measurement technique 
and then return to a detailed discussion of the experi- 
mental models. 

MEASUREMENT OF SPACING FOR WELL- AND 
POORLY-DEVELOPED JOINT SETS 

To study the geometry of fracture sets at different 
stages of development we need a consistent method to 
measure spacing. Qualitatively. we observe two end- 
members in the series of fracture patterns developed in a 
particular laboratory specimen (Fig. 5). One is termed 
poorly-developed because it is characteristic of the early 
stages of development in which typical fracture lengths 
are roughly equal to or less than typical spacings (Fig. 
Sa). The other one is termed v~~ell-dozeloped because it is 
characteristic of the later stages in which fracture lengths 
typically are much greater than spacings (Fig. 5b). Not 
all methods of measuring spacing arc effective for both 
of these geometries. 

The common method for measuring fracture spacing 
is a line (or scan/&) nletl?oti (Fig. (,a). Traver\cs are 
taken perpendicular to the average strike of the \et 
either along cross-sections of a laver or along the surface 
of a layer to estimate the quantity D. defined as: 

Here I), is the perpendicular distance between two 
neighboring joints and ~1 is the number of joints hct\vcen 
the two end-points of the traverse, which are separated 
by a distance 1 and are not at fractures. Although thi4 
method provides consistent measures of 11 for a ~cll- 
developed fracture pattern (Fig. 5b), values for a poorly- 
developed pattern can be widely scattered and depend- 
ent on where the traverse is taken (Fig. 5a). t:or 
example, values of D for traverses taken at different 
positions. X. across the poorlydeveloped set in Fig. 5(a) 
vary from 3.2 mm to 6.7 mm. In contrast the range ot 
values for the well-developed set in Fig. 5(b) varies onI> 
from 0.9 mm to I .3 mm. 

An area method for measuring the mean spacing. .\ i\ 
suggested in this paper. ha~ci on quantitative stereolo- 

gical practice (Underwood 1972). This method does not 
apply to cross-sections of a fractured layer. rather it 
assumes that a surface of the layer is exposed. The area 
method defines spacing as: 

where I,, is the side length of a square measuring region, 
L is total length of fracture i in that region, IZ is the 
number of fractures in the square, and A(= Zc12) is the 
area of the square. 

.l‘o distinguish the two measures of spacing we use S 
for the area method and D for the line method. The 
difference between them is that S is only a function of A 
and L, but D depends on traverse position (x). For a 
well-developed fracture pattern, most fractures cross 
the entire square so we have I, = lo. In this case (3) 
becomes 

Thuh the two methods produce the same result for this 
en&member of the stages of fracture development. In a 
more general form. useful for outcrop studies, the mean 
spacing can be expressed for a regular polygonal area 
(Fig. 6b) if fracture lengths and the coordinates of 
enough peripheral points are measured. This method is 
readily applied in the field using a total station or in the 
laboratory using a digitizer for mapped data. The details 
arc provided in Appendix A. 

Strictly speaking the precision of the area method 
depends on how precisely one can measure the area and 
the total fracture length. However, an important con- 
sideration is the size of the measurement area relative to 
a characteristic length scale for the fractures. If the area 
is too small the sample will not be representative of the 
fracture set: if the area is too big it may include real 
spatial variations in mean spacing. To design a measure- 
mcnt strategy one would like to know how large an area 
i\ proper for the area method. 

Figure 7 illustrates how mean spacing, based on the 
arca method, depends on the size of the measurement 
art’s for poorly- and well-developed fracture sets from 
our laboratory experiments. We take three small 
squares shown in the upper right corner of Fig. 7(a) and 
change their side length from 0.5 mm to 80 mm. The 
calculated spacings as a function of side length are 
plotted in Fig. 7(a) for the poorly-developed case and in 
Fig. 7(b) for the well-developed case. 

The dotted curves in the lower part of each figure give 
the total error defined as: 
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Fig. 5. Comparison of lint yx~ng. I) ( ,I”d arca apacmg. C, tor poorI\- and well-developed laboratory fracture patterns. 
(a) A poorly-developed pattern with short fracture\. The right graph 1s scattered readings of spacmg. D. as a function of 
scanline posltion. x. Solid line represents the mean spacing. 5’. defined 11) drea method. (b) A well-developed pattern where 

mwt fractures croh\ the ramplc quart. 

a 

b 
Fig. 6. Illustration of how spacing I\ mea\ulcd in two ways for 
outcrops or laboratory samples. (a) For the lint method the traverse 
distance, 1, is divided by the number of Joint\ crossed plus one. Spacing 
varies as traverses are positioned at different locatlon~. (b) For the 
area method the total joint length. L i\ d~v~dcd h! the arca of the 

counting square. f4 = /,,-‘ 

where ml is the number of small squares. S,, is the 
spacing for the whole area (lo = 80 mm) and S, is the 
spacing for the small square i. If m, = 1, the error 
becomes E,,,, = /S, - So./&,. For the poorly-developed 
fracture set in brittle coating shown in Fig. S(a). the 
error is less than 10% when 1,, exceeds about 44 mm 
(dashed line in Fig. 7a). For the well-developed fracture 
set (Figs. 5b and 7b). the error is less than lO”i, when I,, 

exceed5 about 22 mm. Clearly these are not unique 
relationships for fracture sets in brittle coatings, but an 
error analysis such as this one can be used to justify the 
siLe of areas used for measurement. 

CompuCsor~ oj’thr line method and the area method 

Experimental results using the two methods are com- 
pared on the right-hand graphs in Figs. 5(a) & (b). 
Spacings represented by the scattered data points are 
obtained by the line method defined in equation (2). 
Solid straight lines represent spacings obtained by the 
arca method defined in equation (3). The comparison 
shows that the two methods produce very similar results 
for a well-developed fracture pattern. However, for a 
poorly-developed pattern, the line method produces 
scattered results that vary by more than 50% from the 
value of s. 

A field example of a poorly-developed joint pattern is 
shown in Fig. 8(a) taken from a Carboniferous sand- 
stone outcrop, located at a coastal exposure in south- 
western Wales mapped by Dunne & North (1990). 
Spacings measured using the two methods are shown in 
Fig. X(b). The polygonal area with 22 points along its 
periphery is about 1X9 m’. and the total fracture length is 
about 100 m. The dimension I,, in the x direction is 10 m. 
Thus the mean spacing S for the entire outcrop is about 
I .7 m. Using the line method (2), the spacing D ranges 
from 2.5 m near the left edge to I .O m near the right edge 
of the outcrop and varies, depending on location x 
within the outcrop. 
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The error for the lint mcth~xl ;I\ cc~mparcd to the ;II-ca 

method i4 dctincd a\: 

whet-c ~77~ iy the number of measurement\ using the IIIIC 

method. and D, is the ith measurement. The COI-I-C- 

sponding error4 calculated using (6) for individual tr:i- 

verses of the joint set shown in Fig. S(a) varv from (1 to 

53%. On the other hand, the ar-ea method provide\ ;I 

constant fracture spacin, (7 for this outcrop that is indc- 

pendent of traverse pcjsitlon t’or the lint method. 

The second cxamplc. FIN. 9(a) shows an outcrop (it 

Entrada Sandstone on the scluthwest limb of Salt Vall~) 

anticline within the late Paleozoic Paradox formation at 

Arches National Park. LItah. mapped by C‘ruikshanh li: 

Aydin (in press). Thix outcrop displays ;I joint set in a 

a 

0 5 ___- metres 

t-2 ’ r 

J 

b 0 5 I 0 15 

x Cm> 

\+ell-de\ eloped \tatc. The polygonal area with 13 points 

along its periphery is about 3S1.000 m’, and the total 

fracture length is about I,. ? 900 m. The dimension I,, in 

the I direction is about 69-l m. Spacings obtained using 

the lint and arca methods arc compared in Fig. 9(b), 

uhcre it can bc seen that I) ranges from 23 m to 40 m and 

S i4 35.4 m. The values of LI are less scattered about S 

th;ln those for the 1~~jor/~-(i~~1~r/oprd joint set shown in 

Fis S. 

Since the area method avoids personal choices on 

mcilhurcment location and direction, WC conclude that 

the: arca method is \upc[-ior to the line method and 

rccommcndcd that future mcaaurements of fracture 

sp,icing. both in the labor-atory and in the field, utilize 

thir. method if possible. 

I’hc tcchniquc uses a brittle coating (methylene chlo- 

ride) on a PMMA (polymethyl methacrylate) substrate 

(Pollard rt ~1. 1990, Wu 1991 Wu Rr Pollard 1991. 

19~~7a.h). This technique can provide valuable insight 

concerning fracture proccsscs that are impossible to 

ohscrve in nature and difficult to consider using numeri- 

cal models. A similar technique has been developed by 
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Fig. Y. Flcld example of a well-dcvclopcd lomt set from Arches National Park. Utah. (a) The fracture pattern mapped at a 
sandstone outcrop (after Crmkshank & Aydin in press). (b) Spacing measured by the two methods: scattered data points 
for the line method and a solid llnc for the arca method. A = 482,000 m’. L, = 12.900 m, 4, = 694 m, T  = about 40 m and 

S = 35.4 m 

Rives & Petit (lY90a.b). and Rives et al. (1992) using 
polystyrene substrate. The technical difficulty of initiat- 
ing a fracture set for studying spacing in the laboratory 
comes about because of the instability of fracture propa- 
gation: typically only one fracture propagates under a 
certain stress value even though many pre-existing frac- 
tures are cut in an isolated sample. Unlike most other 
laboratory fracture experiments in which only one or a 
few fractures are developed (Rossmanith 1983, Mihashi 
et al. lY89). our technique can produce a set with up to a 
few hundred fractures without failure of the entire 
specimen. Furthermore, because of the stable propaga- 
tion of fractures, we can document the time dependent 
behavior of this system. 

The PMMA sample is about 0.45 cm thick and 20 x 30 
cm in dimension, and the brittle coating covers a square 
of 10 x 10 cm. The fractures can be easily seen with 
appropriate oblique lighting (Wu & Pollard 1991), so 
data were taken from photographs and corrected for the 
oblique view of the camera. Fractures initiated at small 
bubbles and other unperfections in the coating. Fracture 
length is not a function of flaw size if the fracture is much 
longer than the flaw diameter (Rives et al. 1992). Be- 
cause the typical diameter of bubbles in the coating is 
l@-30pm, fractures only 1 mm in length have a ratio of 
length to flaw size as great as 30-100. 

The different thicknesses of dried brittle coatings 
were 0.016. 0.031, 0.078, 0.125. 0.189, 0.249 and 0.373 
mm corresponding to 0.5,1,2.5,4,6,8 and 12 cc of fluid 
coating. respectively. Ten different pieces of PMMA 

sheet were used as the substrate. Figure 4 shows three 
typical experiments with thicknesses of 0.078,0.189 and 
0.249 mm using the same substrate. For each thickness 
from seven to 11 samples were tested under the same 
loading conditions and a total of 67 experiments were 
conducted. 

A four point-bending device (Rives et al. 1992, Wu 
1992) shown in Figs. 3(b) and 10 serves to impose a 
uniform extensional strain on the top boundary of the 
PMMA sheet and strain gages measure this longitudinal 
strain. The strain in the brittle coatings was calculated 
based upon conventional thin plate bending theory 
(Timoshenko & Woinowshy-Krieger 1959) and the 
assumption of perfect bonding between the two 
materials. Different coating thicknesses, T, were tested 
with the same total strain and the same loading con- 
ditions (Fig. 10). The applied maximum strain was F,, = 
4.5 x 10-3 and a typical duration of loading was about 2 
min. 

Edge effect 

A potential problem with our experimental design is 
the effect played by the edges of the brittle coating on 
fracture spacing. By ‘edge effect’ we mean the fact that 
the coating is not continuous, but is confined to a 100 mm 
by 100 mm square region, yet some fractures propagated 
all the way to the edges and some actually initiate at 
flaws along one or the other edge. Conceivably the 
spacing could be influenced by these edges so we would 
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not be able to produce spacing ~:tluca reprc5cntatlve ot ;I 
continuous layer. In that c;w, WC would have to uw ;t 

larger sample to reduce or eliminate this effect. 
During typical expcrimcnts many fractures inltl;btctl 

from the edges and propagated toward the center 
However. most of these l’racturc\ t~rminatcd at Icngth\ 
of 1-S mm because they ~~vcrlapptxi other fracture\ 
propagating from the edge or the interior. Indeed. man! 
of the fractures which appc;ir to cutcnd f~-om one cd~~ to 
the other in the well-developed \ets (Fig. 3) actually arc 
composed of several closely-spaced echelon \cgmcnt\. 
None-the-less. we designed a method, described below 
to evaluate the edge effect on spacing. 

Figure 1 I (a) shows ii typical experiment with ;LI~ 
applied strain of F(, = 3 8 x 10 ‘. Many short iractures . 
initiated from the edge\ and are highlighted thcrt. by 
thicker lines. The arca method 14 used to calculate 

tl-;lctut-e spacings in a narrow sampling window. 2 x 100 
mm in size (the shaded rectangle in Fig. 1 la). For 
m~asuremcnt purposes s is the distance from the left- 
h:ind edge of the coating to the center of the sampling 
window. The spacing distribution as a function of x (Fig. 
I I h) demonstrates that some spurious results do occur 
when the sampling window is within about 10 mm of the 
cdyes. On the other hand, Sfor the 100 x 100 mm square 
i\ 2.27 mm and S for a centered 80 x 80 mm square is 
2.1 I mm. The thin straight line in Fig. 1 I(b) represents S 
for the ti0 x X0 mm square. We conclude that the size of 
the coated area in our experiments was sufficient to 
:ILOI~ significant edge effects. 

l‘here is almost no edge effect if the fracture set is 
poorly developed since, at low applied strains, fractures 
initiate more easily inside the brittle coating than along 
the boundaries. 
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Scattered data points of mean 5pacinr. S. \‘s applied 

strain, c‘, for seven thicknesses arc plotted in Figs. 12(a)- 

(g). The applied strains increased up to 5.5 x IO ’ in 

these experiments and 13~14 readings of spacing and 

applied strain were taken for each experiment. All of the 

experiments produced a similar relationship between 

spacing and thickness: spacing decreases rapidly with 

strain in the early stages of the cxpcrimcnt and then 

decreases less rapidly. finall! reaching a near-lb constant 

value. In other Lvords, a greater applied strain beyond 

some limiting value w:ill not change the spacing signifi- 

cantly (Wu IYYI . Wu & Pollard lYY3a). This phcnon- 

enon has been called ‘saturation model’ (C‘obbold I Y7Y). 

‘saturated with joints’ (Narr IYYI ). and ‘saturation Icvcl’ 

(Narr & Suppc IYY I) from field observation. as well .I\ 

‘saturation of cracking’ (Wu IYY I ). ‘fracture \aturation’ 

(Wu & Pollard lYY3a). and ‘saturation level’ (Rives rrrrl. 

1YY2) from experimental ohscrvation. We suggest using 

the term frwtrlrr .snturrrtiorl, 
According to (~‘obbold ( IY7Y). ‘the spatial Intcr\aI 

between neighbouring structure5 (fractures in this cast) 

has ;I limited range of values.‘ after saturation. The 

phenomenon was discussed by Narr & Suppc ( IYYI ) in 

reference to stages in the development of a ioint set 111 

the Monterey Formation of California. The> cn\isioncd 

that joint spacing was closely related to tectonic strain in 

the early stages. but later deformation W;IS ;~c‘~~rn~m- 

dated by opening the existing joints rather than creating 

new ones. Because the outcrop data g;~vc ncarlv CO~I- 

stant values of the fracture-spacing Andes (FSI 2. 1.3). 

they described these strata as being saturated with 

joints. Rives (11 ~1. (IYY?) appeal to thi4 same phenom- 

enon and suggest that the final \tagc of de\~elopment. 

that characterized by a normal distribution of spacing. 

corresponds to the saturation level. Fut-thermore they 

use the mode/mean ratio for spacing distribution as a 

measure of this saturation le~cl. 

Demonstration that a fracture set r-eachcs saturation 

with respect to strain magnitude has important impli- 

cations for the interpretation of field data. Measure- 

ments of spacing from two outcrops of the same roch 

unit with the same thicknes\ and ;I poorI!,-~leveloped 

joint set could be quite different because minor diffcr- 

ences in strain would lead to maior differences 111 

spacing. This fact. along with the cl-rot-s introduced b\ 

the line method of measurcmcnt. could explain thi 

considerable scatter in some tield data reported in the 

literature. Furthermore. plotting spacing vs thickness 

from poorly-developed joint 5cts in different rock units 

on the same graph is unlikcl~ to Icad to meaningful 

insights about the material properties ot these unit\. 

because spacing is so sensiti\,c to the applied strain. On 

the other hand. spacing data could pro\.ide ;I good 

constraint on strain magnitude for p”orlv-dc\,cloped 

sets if the relationship between <pacing :~nd strain wcrc 

known. 

The implication\ of saturation fo1- field data on ;I wcll- 

developed joint set arc quite different. Fol- example. one 

should not expect to be able to infer the strain magnitude 

frclm measurements of spacing on :I well-developed joint 

set because ;I wide range of strains produce nearly the 

\ame spacing. On the other hand this same fact provides 

\ome justification for plotting spacing vs thickness for 

different rock units to understand possible differences in 

their material properties. Clearly one of the first items to 

consider when gathering spacing data is how well the 

joint set is developed. 

Comparing the two extreme thicknesses from our 

experiments. T = 0.016 and 0.373 mm, saturation 

spacing increases systematically from 0.20 to 4.8 mm 

under the same applied strain. Curves for four different 

thicknesses were calculated by least square fitting 

((iuest IYOI) and arc shown in Fig. 12(h). The relation- 

\hip between spacing and strain is a non-linear decreas- 

ing function which apparently approaches successively 

gt-cater asymptotes of constant spacing for greater thick- 

ncsst3. Development of similar curves from outcrop 

data would provide the basis for inferring strain states 

for rock units with poorly-developed joint sets. 

The relationship between layer thickness and fracture 

spacing at /?rrcturc suturrrtion in the brittle coating is 

pl<jttcd in Fig. 1.3. Each point on this graph represents 

the mean value of several measurements of spacing S at a 

strain of-i.5 x IO- j. Standard deviations for the spacing 

range from +0.022 mm for T = 0.016 mm to *0.X90 mm 

for T ~~ 0.373 mm as indicated by error bars. When 

;Ipplicd strains are greater than 3.5 x ION”, fractures are 

csscntiatt\ saturated (Fig. 13). Although there is con- 

\idcrable scatter in the data on spacing, particularly for 

thl: thick specimens. the slope of the curve in this figure 

i\ positive. The best tit straight line (dashed in Fig. 14) 

has a \Iopc S/T = 11.2. On the other hand. least square 

fitting ;I cur\,ed tine to the data gives a local slope dS/dT 

= Y). I at 7‘ = 0. I mm and dS/dT = I I .7 at T = 0.3 mm 

suggesting the relationship is not linear. 

l‘hc letationship between S and T shown in Fig. 14 

(solid curve) has the following form: 

!L!;> () and 
d’S 

d T 
-F > 0. 
dT- 

Spacing increases with thickness and has a positive 

curvature (concave upward). 

The positive second derivative is not the relationship 

\uggestcd b\ some field data and given in (1). As we 

mentioned before, the experiments reported here were 

conduct& in just a few minutes. but in other experi- 

mcnts. where applied strains did not change with time 

ior a I‘L‘M hours. we observed that spacing is time de- 

pcndent. For example, under strain cycling, spacing 

depend\ on the details of the loading history (Wu & 

Pc~llard lYY?a). Based on these experiments we suggest 

that more complex loading histories could provide ex- 

planations for the differences represented by some field 

data (I I and the experiments (8). 
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6 7 DEGREE OF FRACTURE SATURATION 

0’ I I I I 
0.0 0.1 0.2 0.3 0.4 

T  (mW 

Fig. 13. Expcrimcntal results on the spacing-thickness relationship 
for a maximum applied stram of 4) = 3.5 x 10 ‘. The data arc 
representative of the state of fracture saturation. The best fit straight 
line (dashed) and curve (solid) using least squares are shown for 

comparison 
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L 1 
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Fig. 14. Example of the cstlmatwn of the degree of tracture satu- 
ration, d. using equation (Y) for the outcrop shown tn Fig. 8. ,I, = 7. 

b(i) = 5. 7. 10. I I. 0. 0. -I (i = I. ., 7). ii = 0.940. 

To describe fracture saturation quantitatively, the 
deviation. d. of normalized individual spacings, D;,, 
from the area spacing, S. is a good indicator. In general. 
a low deviation represents a high degree of fracture 
saturation. The deviation can be calculated as follows: 

where II, is the number of scanlines along the direction 
perpendicular to fractures (Fig. 14), H?(~) + 1 is the 
number of fractures intersected by scanline i. S is the 
spacing by the area method, and I),, is the individual 
spacing between two neighboring fractures jand j + 1 on 
scanline i. Equation (9) can be used for joint systems 
exposed on bedding surfaces. It is suggested that the 
interval between two neighboring scanlines be S; appar- 
ently an even smaller interval and more scanlines pro- 
vide a comcwhat more accurate rt. Figure 14 shows the 
field map from Dunne & North (1990) with an example 
calculation of deviation: there arc a total of seven 
scanlines. 62 intersecting points. and 55 individual 
spacings. Inputting these data into equation (9). we find 
tf = 0.940. 

For wellbores or bedding cross-sections where S can- 
not bc measured and individual spacings can be 
measured in only one scanline. d becomes 

(1()) 

where tzl is the number of joints intersected by the 
hcanline, “, is the individual spacing between two neigh- 
boring joints j and j t I on the scanline, and D is the 
mean value of D,. 

A qualitative classification of fracture (joint) sets 
r-elated to the degree of fractur-c saturation is proposed 
based on ranges of the spacing deviation, d (Table 1). 
I’he degrees of fracture saturation for the two field 
examples shown in Figs. 8 and 9 were calculated using 
equatinn (9) and compared with Table 1. In the first 
example. ~1 is 0.940, so the joint pattern is classified as 
17”orly-developed. In the second example. d is 0.336, so 
the joint pattern is well-developed. Similarly, the first 
expcrimcntal example (Fig. Sa) with n = 0.606 is poorly- 
to intermediately-developed and the second experimen- 
tal example (Fig. 5b) with cl = 0.450 is intermediately- 
to well-developed. 

CONFINED AND UNCONFINED BLOCI<S 

An important difference between natural joints in 
rock units and experimental fractures in brittle coating is 

Fig. 12. Spacing bs applied strain for dlffcrcnt thlcknesscs: (a) r = 0.01h mm. seven cxpcrlmcnth: (h) O.OiI mm. nine cxpcriments: (c) 0.07X 
mm. IO expcrlments; (d) 0.125 mm. 10 expcrlments; (c) 0.18Y mm, 10 experlmcnts; (f) 0.74Y mm, I I cxpcrimcntz; (g) 0.373 mm. 1Ocxperiments; 
and (h) least square fitting. Since spacing m a poorly-dcvelopcd fracture hct is \~cry wwitive to the applied \traln. curve fitting in (h) IS not 

accurate for strains from 1.5 X IO ’ to 3 5 X IO-‘. 



the very different top boundary conditions. A particular 
rock unit at depth in the earth is confined, and perhap\ 
bonded. on its top and bottom surfaces to the adjacent 
rock units. On the other hand the brittle coating is 
bonded to the PMMA substrate and has a traction-free 
top surface. One possible manifestation of these differ- 
ent boundary conditions is a different ratio of spacing to 
thickness for well-developed fracture sets. For expcri- 
ments reported here this ratio ranges from 9 to 12 
whereas typical values for jointed rock range from 
0.5 to 2. 

We hypotheses that the larger ratio of spacing to 
thickness for the experimental fractures is caused. at 
least in part. by the traction free top surface and the lack 
of overburden (Fig. IO). In contrast. the smaller ratios 
for jointed rock are attributed. at least in part, to 
confinement by adjacent strata. To test this hypothccis 
we investigate the stres\ distributions in a IWO- 
dimensional numerical model (Fig. 15) using the bound- 
ary element method to solve this linear elastic problem 
(Crouch & Starfield 1983). This is not a model of joint 
propagation so we arc justified in ignoring the three- 
dimensional aspects of that phenomenon. Rather we 
want to compare stress distributions between existing 
fractures in confined and unconfined blocks to see which 
is greater. Then we suggest that greater stress would be 
consistent with the formation of a fracture between the 
two existing fractures, thereby promoting ;I smaller 
spacing to thickness ratio. 

a 

b 

Hecausc of symmetry wc can isolate a block bounded 
on the right-hand end by a vertical joint and on the left- 
hand end by the mid-plane between this joint and its 
neighbor. The loading of this block is related to the 
stretching of the composite material in the x-direction 
and the weight of the overlying material acting in the JJ- 
direction. Specifically. the boundary conditions include 
a \Inusoidal distribution of tangential displacement on 
the bottom boundary of the unconfined block (Fig. 1Sa) 
and on both the top and bottom boundaries of the 
confined block (Fig. 1Sb). The imposed displacement 
distribution results in a cosinusoidal distribution of the 
strain 1 ,I. thus providing a maximum strain at x = 0 and 
no strain at x = H/2. where His the spacing between two 
joints. Overburden for the confined block was chosen to 
be representative of depths equal to 500 m. Poisson’s 
ratio is 0.2. Young’s modulus is 7000 MPa. and density 
is 7600 kg mm ‘, 

I3ased on the assumption that the two horizontal 
boundaries of the confined block should be flat before 
and after deformation, a vertical constant displacement 
is applied on the confined block (Fig. 15). The boundary 
conditions for the two blocks can be written as: 

>,,I1 ‘-7-r 
II, = --ssln - , 

.7 1 i H 1 
, (11) 

1’3 = ilr ,.,, 0 -: .Y < ‘;I, y = 0 and T, confined , 
i ) 

u,= 0 
t,= 0 

joint 

surface 
(traction 
free) t 

X i 1 t t t tur=-UyO 
u,(x) 

: T  D 
joint 

surface 

(traction 
ux (4 free) 

%‘r-rTi-n 4 4” 
uy=+ufl 

Fig!. 15. NumerIcal models ud to compare the state ot \trc\a tar ;~n unconfined block and il contlned block. (a) Unconfined 
block with 21 traction free top \u;fxe. (h) Confincd Mock wth prcvxlhctl displacement boundary conditions. Applied 

maxImum \trarn. s,, = .3 x ItI dots not change m the IT dtrcctlon. Drsplaccmcnt t~,.,,depends on overburden depth. 
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a 

free top surface 

Fig. Ih The distrlhutlon ot strc\\ ~~mponcnt CT,, normalized by remote stress. tr,, along-randy: (a) In the unconfined block: 
and (b) In the confined block. I 1s layer thickne\\; H 15 distance hctween ioints; and H/T = 2. 

Ii f, = I,. = 0 0 c .r c 7. i 1’ = 7‘. unconfint?cl~. I (12) 
/ i 

l, If 
z4, = 0 0 < s < T. ?’ = 0. unconfined ) 

u, = 0, t, = 0 (.Y = 0, 0 i \‘ -’ T. both 

T. both J, 

(13) 

1. (14) 

(15) 

where E,,( = 3 x 10 ‘) is the applied strain in .x direction. 
u,,,r( = 1.17 X 10 ‘7) is the magnitudes of displacements 
on the bottom and top boundaries associated with three 
different overburdens. t, and t, are traction com- 
ponents, and T is block thickness. The boundary con 
ditions for the unconfined block are believed to be 
similar to those of the expcrimcntal models in which 
strain is transmitted from the PMMA substrate into the 
brittle coating except near the tiny interfacial regions 
around fractures. 

The tensional normal stress. u, t 1 acting parallel to the 
layer, is normalized to the remote stress in x direction. 
a,), and plotted as a function oi‘ y/T at different locations 
x/T in Fig. 16. The stress component u,, provides the 
driving force for vertical fracture propagation. In the 
lower half of both blocks (0 c y \ T/Z) this stress 
component is on the order of the tensile strength of rock. 
and the stress in the unconfined block is similar to that in 
the confined block. However. in their upper halves (y > 

H/2) this stress component in the confined block is 
significantly greater than that in the unconfined block. 
The vertical component of normal stress, a;,, due to the 
overburden weight is 0 for the unconfined block and 
approximately -18 MPa for the confined block. This 
vertical stress would promote fracture propagation par- 
allel to the p direction, much like the load in uniaxial 
compression tests promotes axial cracking (Singh 1970, 
Peng & Johnson 1972, Bombolakis 1973, Holzhausen 
1977). These results suggest that fractures would propa- 
gate more easily through the confined block, and there- 
fore the unconfined block would have a greater fracture 
spacing for the same thickness and the same extensional 
strain (Fig. 17). 

1.0 

(depth = 500 m) 

0.0 1 r’ ’ j ’ ’ ’ ’ 
-0 2 4 6 8 IO 

H/T 
F:lg. 17. (‘omparlson of vm.lx /q, at y = T/2 in the unconfined and the 
confined blocks. o,,,, = or, (x = 0. , v  = T/2). At the same stress level 
(dash lint). spacing in the confined block is smaller than that in the 

unconfined block. 
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Our analysis dots not explicitly address the crmtri- 
bution made to the joint spacing by differences in mech- 
anical properties betM,ccn layers. Gross et ul. (in press) 
show the effect of mechanical property differences on 
the stress distribution in a fractured layer. This effect can 
be equivalent to different boundary conditions imposed 
on the blocks in our model. For instance, if the remote 
stress does not change, increasing the Young’s moduli of 
the top and bottom layers will result in a decrease in the 
strain applied on the fractured lavcr. 

Two mcthoda for measuring fracture spacing have 
been described and compared. Spacing S measured by 
the (ITCJN method has a single value for a given outcrop or 
experimental arca and is not affected by fracture distri- 
bution within that area. In contrast. spacing lZ) measured 
by the lirle r~~l~otl can depend on the location of the 
traverse across that area. .S is a function of the size of the 
mcasurcmcnt area and the total length of fractures 
within that area. The al-e:) method requires measurc- 
ment on layer surfaces. \\,hrreas the line method can be 
used either on cross-sections or surfaces. 

Two kinds of tracturc pattern\ arc distinguished on 
bedding surfaces and in laboratory specimens. One. 
termed ~‘“orl~-dc~,r/op~,~~. is characteristic of the early 
stages in the de~.clopment of a fracture set when typical 
fracture lengths arc roughly equal to or ICM than typical 
spacings. The other. termed rc,c~ll-rl(~l,c~lop7prl, is charac- 
teristic of the later stages when fracture lengths are much 
greater than spacings. The arca method of spacing 
measurement i\ applicable to rock units with poorly- 
developed joint set\ and ivith well-developed sets. In 
contrast. the line method fails to product consistent 
results for po~,rlq’-dcvciopc~i joint set\. 

The accuracy of spacing measurctncnts depends on 
the size of the meacureti area. If the area is too small the 
sample mill not be rcprc\entatlve of the joint set; if the 
iircit i5 too big it ma> incluclc I-c:11 q~atial variations in 
spacing. Roughly speakin,, (7 the characteristic dimension 
of the region. /,,. should be much greater than mean 
spacing. .S. On the other hand. the \izc of the region 
should bc small enough to lie within a single joint 
domain (Kulandc~- & Dean lCMlk~,h, 19Si, Isachsen rttrl. 
19X3. Wu & C‘ruikshanh 1901. C’ruik\hank & Aydin in 
press). 

In mo\t mechanical an:t!,l5<5 ol Icjint spacing in 
layered rocks tao-ciirnension~ll fracture propagation is 
assumed to be perpendicular to bedding. HoweLcr. 
surface texture4 cm Joint surface\ usually indicate that 
the dominant propagation direction IS subparallel to 
bedding planes. The experimental models described in 
this paper produce fractures that propagate in the plane 
of the Iaver. Because of technical difficulties we cur- 
rcntly are only able to cxpcrimcnt on a fractured lavcr 
with it traction-free top surface and a bottom surface that 
is bonded to ;I substrate. In contra\t. natural ,joint \cts 
form in layers that arc confinctl both above and below. 

We suggest that key aspects of the evolution of fracture 
spacing in our laboratory models should be similar to 
those in a layer with top and bottom surfaces bonded to 
adjacent layers. However, all else being the same, our 
analysis suggests that the actual spacing in a doubly- 
bonded layer should be less than spacing in a layer with a 
free top surface. 

An important concept that we have confirmed and 
quantified during these model experiments is fracture 
.saturution, which is attributed to stress relaxation caused 
by fracture opening without significant fracture propa- 
gation. This concept has been discussed in the context of 
field observations (Cobbold 1979, Narr 1991, Narr & 
Suppe 1991) and experimental observations (Wu 1991, 
Rives et al. 1992, Wu & Pollard 1992a). As the applied 
strain increases the spacing decreases because existing 
fractures increase in length and new fractures begin to 
propagate from flaws. However, when the applied strain 
reaches a certain limiting value, the spacing stops evolv- 
ing and remains nearly constant as the strain continues 
to increase. Our model experiments demonstrate that 
fracture spacing at saturation increases as a function of 
layer thickness, but spacing may not be linearly pro- 
portional to thickness. The deviation of normalized 
individual spacings, d, is a good indicator of fracture 
saturation. In general, a low d represents a high degree 
of fracture saturation. 

DISCUSSION 

Assessing the degrees of fracture saturation is a first- 
order consideration when gathering data to relate joint 
spacing and layer thickness. We encourage systematic 
field studies of the relationship between joint spacing 
and bed thickness that take the degree of saturation into 
account. We also encourage the measurement of spacing 
by the area method where that is practical. 

Measurements of spacing from two outcrops in the 
same rock unit with the same thickness and a non- 
saturated joint set could be quite different because 
minor differences in strain produce major differences in 
spacing. Thus, plotting spacing vs thickness from poorly- 
developed joint sets in different rock units is unlikely to 
lead to meaningful insights about the material properties 
of these units. The implications for field data on a well- 
developed joint set are quite different. For example, one 
should not expect to be able to infer the strain magnitude 
from measurements of spacing on a well-developed joint 
set because a wide range of strains produce nearly the 
same spacing. On the other hand, this same fact provides 
justification for plotting spacing vs thickness for differ- 
ent rock units that are saturated with joints to under- 
stand possible differences in their material properties. 

The concepts discussed above may be useful in the 
evaluation of joints using borehole data from a subsur- 
face layer. Subsurface data on bed thickness have been 
readily obtained by standard logging techniques for 
many years (Schlumber 1989). However, nearly vertical 
boreholes in subhorizontal strata encounter few vertical 
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joints and provide a poor sampling of joint spacing 
within one bed. With the recent advent of inclined and 
horizontal drilling (Artindale et ul. 1991, Fritz et al. 
1991, Davenport 1992), and improved logging tech- 
niques (Schlumberger 1989) such as Borehole Tele- 
viewers (CBIL). Formation Micro Scanners (FMS or 
FMI), and Dipmeter measurements (FIL) as well ascore 
samples, difficulties in the measurement of subsurface 
joint spacing can be overcome. Such spacing data may 
have to be corrected for the relative orientation of the 
borehole and the joint set (Narr lYY1) and are, at best, 
typical of data taken using the line method. Therefore it 
is particularly important to assess the degree of fracture 
saturation. The processed borehole data can be used to 
rebuild subsurface joint networks, estimate joint con- 
nectivity, and predict drainage area around a borehole, 
taking advantage of the knowledge gained about the 
jointing process from fracture experiments (Wu et al. in 
press). 

Given reliable borehole measurements of thickness 
and spacing, one needs a methodology for extrapolating 
this geometric data from the borehole into the surround- 
ing formations. Joint spacing typically is viewed as the 
dependent variable (to be estimated) whereas bed thick- 
ness is the independent variable (fixed by the borehole 
measurement). By combining reliable subsurface data 
on joint spacing and bed thickness with a mechanical 
model for the process of joint formation one should be 
able to formulate a methodology for this extrapolation. 
If successful. this would have a profound effect on our 
understanding of fluid flow in fractured rock masses. 
and would provide valuable input parameters for reser- 
voir and acquifer simulation models. 
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APPENDIX A 



The polygon area I\ expre~~i u+lng ticron‘\ tormul,~ tar each triangu- 
lar region and then summing (Rekcr IWI 1, 

,,I 

‘I, = 
NI. + IPi + b, + , 

1 
CiJ.,, *, -- 11,). (A-l) 

Substituting (A3) and (Al) into (3). the mean spacing for a regular 
polygonal area can be obtained: 

s = 

A 

I,,+ f. 
( :zi ) 

Here A IS the arca ot the pol>gonaI region and I,, IZ the mean length ot 
the region parallel to the fracturca. 

An irregular polygon can he divldcd Into w\cral rcpular pol!gcms 
For example, If thcrc arc three suhrcglow (Fig. Alb) and they ha\c 
similar fracture densit). the wcightcd abcragc apaclng for the \\‘hoIc 
region is: 

total tracturc Icngth for each aubrcgwn, L,, IS much greater than the 
mean icngth. I,,,. equation (Ah) can rc rearranged and simplified: 

y;- ,A, L-IL Al 1.. -+ &=A ‘3 
I,,, + L, 1. I,,, + I., I. 1,,3.; 1.; 1. L’ (A@ 

I ht\ I\ \lmllar to (3) if 1, is neghgible compared to L. Equation (3) is 
,tppllcabic IO quart. regular and irregular polygons. To calculate mean 
spacing. WC only need to know the arca of the outcrop or laboratory 
\pccimcn ,rnd the total length of fractures inside the area. 

.Ar-cw ~n~~~/wd for u wc,ll-du~,rlope~l frumw pattern. For a well- 
dc\eloped tracturc pattern each indwidual spacing D, is composed of 
Ihc mean \pacinp II and a difference An,: 

I), = n + AD,. C.49) 

I%\ rnultlpl\lng i. I~) I), the polygon arca 1s approximately estimated as 
t<~ll(lU‘. 

,I (Al’3 
,-r, I~1 

jlncc 1. > !,. 111, ~b clther positive or negative and IX:=,, AD, = 0, the last 
tct-nl of (!2 10) on the right-hand side is ncgligiblc. Rearrange (AlO) 

[)-L=S 
1,) + L (Al 1) 

I’hur cqu,~t~on\ (.i) ,md (3) arc applicable for a well-developed fracture 


